In this paper, we introduce the convex structure in fuzzy metric spaces and proved some fixed point theorems in fuzzy metric spaces with convex structure.
Introduction
The study of fixed point theorems of mappings satisfying contractive type conditions in fuzzy metric spaces has been a very active field of research activity recently. Kramosil and Michalek [4] and later Grabiec [2] obtained the fuzzy version of Banach contraction principle. Mishra et al [7] proved common fixed point theorems for compatible maps on fuzzy metric spaces. In this paper we introduce the concept of convex structure in fuzzy metric space and obtain fixed point and common fixed point theorems for a pair of self mappings under sufficient contractive type conditions with convex structure. It is clear that every continuous function is upper semi continuous but converse may not true.
Preliminary Notes
Example 2.4. Let (X, d) be a metric space. Define a * b = ab ((or) a.b = min{a, b}) and for all x, y ∈ X and t > 0,
.
Then (X, M, * ) is a fuzzy metric space. We call this fuzzy metric M induced by the metric d as standard fuzzy metric.
Lemma 2.5. If for all x, y ∈ X, t > 0 and for a number α ∈ (0, 1) M (x, y, αt) ≥ M (x, y, t), then x = y. Lemma 2.6. M (x, y, .) is nondecreasing for all x, y ∈ X.
Proof. Suppose M (x, y, t) > M (x, y, u) for some 0 < t < u. Then
Definition 2.7. Let (X, M, * ) be a fuzzy matric space, and I = [0, 1]. A continuous mapping R : X × X × I → X is said to be a convex structure on X if for each (x, y, λ) ∈ X × X × I and u ∈ X,
A space X together with a convex structure R is called a fuzzy convex metric space. Definition 2.8. A sequence {x n } in a fuzzy convex metric space (X, M, * ) is said to converge to x ∈ X if lim n→∞ M (x n , x, t) = 1, for all t > 0. Definition 2.9. Let (X, M, * ) be a fuzzy convex metric space. A sequence {x n } is called cauchy sequence if
for every t > 0 and each p > 0. Definition 2.10. A fuzzy convex metric space (X, M, * ) is said to be complete if every cauchy sequence in X is convergent in X.
Main Results
Theorem 3.1. Let (X, M, * ) be a fuzzy convex metric space and let S, T : X → X be self mappings satisfying,
for all x, y ∈ X and 0 < k < 1. Suppose that {x n } associated with S and T is defined by
where 0 ≤ α n , β n ≤ 1 and β n is bounded away from zero. If {x n } converges to some point x ∈ X then x is the fixed point of T.
It follows M (T x, x, t) = 1. Thus T x = x. Hence x is a fixed point of T.
Theorem 3.2. Let (X, M, * ) be a fuzzy convex metric space and let S, T : X → X be self mappings satisfying,
where 0 ≤ α n , β n ≤ 1 and β n is bounded away from zero. If {x n } converges to some point x ∈ X then x is the common fixed point of T and S.
Therefore M (x n , T y n , t) = 1 and hence T y n → x. Therefore by (ii) and (iii),
And
Thus T x = Sx = x. Hence x is the common fixed point of T and S.
Theorem 3.3. Let (X, M, * ) be a fuzzy convex metric space and let S, T : X → X be self mappings satisfying,
Therefore M (x n , T y n , t) = 1 and hence T y n → x.
It follows M (Sx n , x n , t) ≥ 1, and Sx n → x. Also y n → x. Now,
Theorem 3.4. Let (X, M, * ) be a fuzzy convex metric space and let S, T : X → X be self mappings satisfying,
where 0 ≤ α n , β n ≤ 1 and β n is bounded away from zero. If {x n } converges to some point x ∈ X then x is the common fixed point of T and S. Theorem 3.6. (X, M, * ) be a complete fuzzy convex metric space and let S, T : X → X be quasi non-expansive mappings. Suppose that {x n } associated with S and T is defined by x 0 ∈ X, x n+1 = R(T y n , x n , α n ), n = 0, 1, 2, ..., y n = R(Sx n , x n , β n ), n = 0, 1, 2, ..., where 0 ≤ α n , β n ≤ 1 and {α n } is bounded away from zero. If {x n } converges to some point x ∈ X, then x is the common fixed point of T and S.
≥ α n β n M (Sx n , x, t) + α n (1 − β n )M (x n , x, t) + (1 − α n )M (x n , x, t) ≥ [α n β n + α n (1 − β n ) + (1 − α n )]M (x n , x, t) ≥ M (x n , x, t).
Thus M (x n+1 , x, t) ≥ M (x n , x, t) ≥ M (x n−1 , x, t) ≥ .... This implies M (x n , x, t) ≥ 1. Hence {x n } converges to x.
The following result is a special case of the above theorem.
Corollary 3.7. Let (X, M, * ) be a complete fuzzy convex metric space and let T : X → X be a quasi-non-expansive mapping. The sequence {x n } is defined by x 0 ∈ X, and x n+1 = R(T y n , x n , α n ) and y n = R(T x n , x n , β n ), n = 0, 1, 2, ..., where 0 ≤ α n , β n ≤ 1. Then {x n } converges to the fixed point of T.
Proof. The proof of the corollary immediately follows by putting S = T in the previous theorem.
